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We study the initial behavior of the fronts (for interfaces) generated by the solu- 
tions of the equation U, = (u~).~~ + b(u”),, where m. b, i. > 0 are real numbers. We 
prove a mass comparison principle that allows us to give necessary and sufficient 
conditions in order to have waiting time at the fronts. Different regions in the (I, m) 
parameter space must be introduced leading to answer of very different nature. 
e 1991 Academic Press, Inc. 
1. INTRODUCTION 
In this paper we study the diffusion-convection equation 
u, = (Un’)xx + b(Ui).x in Q=RxR+ (1.1) 
4x, 0) = %(X) in R, (1.2) 
where m, b, A> 0 and u,,(x) is a continuous non-negative function on R 
with compact support. 
This equation arises as a model for a number of different physical 
phenomena. For instance, when u denotes unsaturated soil-moisture 
content, the equation describes the infiltration of water in a homogeneous 
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porous medium and some natural assumption in the context are m > 1 and 
A > 0 (see [2]). The equation also appears in the study of the flow of a thin 
viscous film over an inclined bed for the specific exponents m = 3 and I = 4 
(see [3]). By analogy with the classical equations from statistical 
mechanics (see [4]), Eq. ( 1.1) is often referred to as the nonlinear Fokker- 
Plank equation. Equation (1.1) is also used in connection with transport of 
thermal energy in plasma (then 0 < m < 1 and A = 1 (see [ 1.51). Finally, the 
equation has additional interest as a generalization of the well-known 
equation of Burgers approximating the associated hyperbolic conservation 
law equation. 
It is well known that nonnegative solutions u of (1.1) may give rise to 
interfaces (or free boundaries) separating regions where u > 0 from ones 
where u=O: 
[_(t)=inf{x:u(x, t)>O} (1.3) 
~+(t)=sup{x:u(x,t)>O}. (1.4) 
These fronts are relevant in the physical problems modeled and their 
occurrence is essentially due to slow diffusion (m > 1) or to convective 
phenomena dominating over diffusion (A < m) (see, e.g., [9, 10, 71). Some- 
times c ~ (t) or c+(t) can remain static in relation to the boundary of initial 
data u,(x), i.e., there exists t* > 0, called waiting time, such that 
~~(t)=~~(0)or~+(t)=~+(0)ifO<t<t*.Themaingoalofthisworklies 
in the study of this “waiting time.” 
We continue the research initiate in [l] by generalizing the conditions 
on the initial data in order to have such a phenomenon. 
In the non-convective case (b = 0, m > i), a necessary and sufficient 
condition was given in [ 161: there exists waiting time for i+(t) if and only 
if Q(X) satisfies 
+- Lim sup ~x-~+(O)~““+‘““~” 
I uo(s) ds < +co. (1.5) x-Y+(o)- .Y 
Let us remark that in this case, the behavior of i-(t) is the same as that 
of i+(t) due to the symmetry of Eq. (1.1) when b =O. 
In the case b > 0, a separate study of [I and c+(t) is needed because 
the convective term introduces an inherent asymmetry into the problem. In 
[ 11, we showed, that the initial growth of the interfaces is different in each 
one of the regions of (A, m) parameter space shown in Fig. 1. 
In order to describe our results we remark that the behavior of the inter- 
face c,(t) depends only on the values m and A as well as on the local 
behavior of the initial data uo(x) near i+(O). In [ 11, we assume a 
“pointwise” growth of uo(x) away from c+(O), i.e., uo(x) is bounded from 










below or from above by C lx - [, (O)l’ for x near [, (0), with C, y > 0, 
suitable constants. 
In this paper we change this “pointwise” growth assumption under uO(x) 
for a “mass” growth condition (in a similar sense to (1.5)), in order to 
improve the characterization of waiting time existence. 
Here the local mass of u0 near the point i,(O) is given by the term 
s 
x li 
uo(s) ds = uo(s) ds or 
i-(O) s -cc s 
i+(O) 
uo(s) ds = 5 +S uo(s) ds. I K 
The paper is divided into several sections according to the following 
plan: In Section 2 we introduce a comparison principle, based on the 
evaluation of masses which is used systematically in the rest of the paper. 
A first result in this direction was given in [17] for the case without con- 
vection (i.e., b = 0) by using different echnics. As a corollary of this masses 
comparison principle we derive the comparison of interfaces associated to 
the cases b > 0 and b = 0. 
In Section 3 we give necessary and sufficient conditions on u0 for a 
positive waiting time in the Region I = { (1, m) : 1 < m < 21- 1 }. In 
Section 4 we study the waiting time in the Region II, defined by 
{(A, m) : 2 < 21 <m + 1). Finally, Section 5 is devoted to the Region III, 
given by {(Is, m) : 1” <m and ;16 11. 
Let us remark that Region IV, defined by {(A, m) : m < 1 and i b m ), 
corresponds to a fast or linear diffusion with a weak convection. In this 
case, none of the fronts exist [6, lo]. Hence this region is not of interest to 
us. 
2. COMPARISON OF MASSES 
In order to improve the pointwise criteria given in [l] we start by 
proving a comparison principal which does not have a local character: we 
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shall compare the masses from -co to a given point x. The proof will be 
carried out by using an approximation argument since it is well known that 
we cannot expect, in general, to have classical solutions. Approximation 
arguments are very common in order to obtain the existence, uniqueness, 
and regularity of weak solutions of (1.1 ), (1.2) (see [S, 1 l] and their 
references). 
LEMMA 2.1. Let UEC(Q) be weak solution of (l.lt(1.2) and let 
u E C(Q) be the solution ofu, = (u”‘).~.~ + b(d), on Q with initial value u,(x), 
u0 E L’(R), u0 3 0. Assume b 2 b, and the following initial mass comparison: 
c J s I q,( ) d  b ~~4s) ds VXER. (2.2) -cc -co 
Then for any t > 0 we have 
I 
x 
u(s, t) ds> 
-00 s 
x 
u(s, t) ds VXE R. 
-3c 
(2.3) 
ProoJ We start by assuming that u(x, t) and u(x, t) are strictly positive 
classical solutions (for instance, because u0 and u0 are strictly positive 
functions). We define the functions w(x, t) and w(x, t) by 
s I w(x, t) = e-” u(s, t) ds; w(x, t) = epet 1’ u(s, t) ds. -0c -a2 
It is known (see [9]), that any solution of the Eq. (1.1) verifies the time- 
invariance of the mass, i.e., for every t > 0, 
s +Oc u(s, t) ds = j+m uO(s) ds. -cc -00 (2.4) 
Hence from (2.2) we have, for any t > 0, that 
Lim w(x, t) - w(x, t) 3 0. (2.5) .r++s 
Suppose now that there exists (x,, t,,)c (-co, co) x (0, co) such that 
w(x,, to) < w(x,, to). Let P = R x [0, t,]. By the continuity, (2.2) and (2.5), 
we obtain that the function w(x, t)- w(x, t) has a minimum in some 
interior point (x,, tl) of P. Hence in (xi, tl) we have 
(i) w,(xl, tl)=w.AxI, t,)>O 
(ii) (w-w), (xl, t,)dO. 
(iii) ((w,)~ - (w.~)% (x1 y tl) 2 0. 
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The proof of (iii) is an easy consequence of (i) and that vi’,,> w,, at 
(xi, t,). Moreover, n(.x, t) and w(x, t) satisfy 
Ee’.l(It’ - W) = e”““(( M.,)“) - (w, )“I), + g,r (b(\~y)‘-b(w,)‘)-e”(M’-wW), 
Using (i)-(iii) we have that the left hand of the latter equality is less than 
zero at the point (x,, t,) but the right hand is larger than or equal to zero. 
and so we arrive to a contradiction. 
Finally, in the general case we approximate u and u by sequences of 
classical solutions u,, u, with convergence at least in C( [0, T] : L’(R)). 
Moreover, it is possible to take uO+ satisfying the inequality (2.2) and so 
the conclusion comes passing to the limit in the mass comparison of u, and 
u, (i.e., in the associated inequality (2.3)). 
Remark 2.1. The above lemma remains true for solutions of the 
boundary value problem associate to introduce a lateral boundary 






u(s, t) ds b u(s, t) ds for any TV [0, T]. (2.6) --3c -x 
Indeed, w(x, t) - w(x, r) > 0 at the boundary of (- co, S] x [0, r], and we 
can use the same argument as in Lemma 2.1 in order to prove (2.3) for any 
XE(-qfi]. 
We also remark that Lemma 2.1 remains true, if we change u(x, r) 
by supersolutions (u, - (u”‘).~., - b(u’), > 0) and u(x, t) by subsolutions 
(4 - (um)x, -b(d), 6 0). 
The following result give a first result about how the presence of a 
convection term modifies the behavior of the free boundary. 
COROLLARY 2.1. Let u(x, r) be a solution of ( 1.1) and u(x, t) solution of 
the porous medium equation (b = 0), for the same initial data u0 E L’(R), 
u,aO. Then 
(i) i-(t)<&-(t) for all t>O 
(ii) i+(t)<~+(t)for all t>O. 
(2.7) 
(2.8) 





U(S, r) ds G u(s, t) ds. 
-5 -m (2.9) 
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Choosing x = c-(t) in (2.9), we obtain 
I 
i-(r) 
u(s, t) ds 6 0. 
-00 
Therefore (2.7) is proved. In order to show (2.8), we choose x = c+(t) in 
(2.9), and using (2.4) we obtain 
and then (2.8) follows. 1 
The mass comparison also admits a statement in terms of the reverse 
inequalities. 
COROLLARY 2.3. Let u(x, t) be the solution of (1.1)( 1.2) and u(x, t) 
solution of u, = (u~).~~ + b(d), with the initial value U,,E L’(R), u,, > 0. Let 
b > 6, and assume uO(x) and z&(x) such that 
s 
+oO 
u,,(s) ds 6 
x s 
+u3 
uo(s) ds for any x fz IR. (2.10) x 
Then for any t > 0 and any x E R we have 
s +OZ s +a0 u(s, t) ds 6 u(s, t) ds for any x E R. (2.11) r x 
Proof. Let u,(x, t) = u( -x, t) and ui(x, t) = u( -x, t). These functions 
are solutions of the associate quation (l.l), where b and b are changed by 
-b and -b. Moreover, we have the integral equality 
s 
+3c -x 
u(s, t) ds = 
x s ul(s, t) ds -cc 
and so the corollary follows from Lemma 2.1. 1 
3. WAITING TIME CONDITIONS FOR (2, m) IN REGION I 
We shall assume in this section that 1 < m < 2A- 1. Under this condition 
it turns out that the initial behavior of the interfaces is the same as the 
porous medium equation (b = 0). In order to describe ours results we 
separate the interfaces i_(t) and c+(t). 
We start by considering i_(t). The following result gives a necessary and 
sufficient condition for the existence of a positive waiting time. 
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THEOREM 3.1. Let u(.u, t) be the solution qf’ (1.1 )-( 1.2). There e.\-i.st.c 
t* >0 such that u(<-(O), t) =OJbr all tE [0, t*] fund on/~* if 
Proof: Assume by contrary that this limit is equal to x. By 
Corollary2.1, [p(t)<&p(t) (where c-(t) corresponds to the case b=O). 
But by the result of [ 161, i-(t) has no waiting time and so the same 
occurs with the [ (t). 
Assume, now that the limit in (3.1) is finite. We define the following 
separable function 
in CO, 61 x CO, Tl (3.2) 
in (-co,O]x [0, T]. 
Where A, 6, LY, T>O will be chosen later. Without lost of generality we 
may assume that [ ~ (0) = 0. We introduce also the notations 
s +cO IV,= uo(s) ds -J 
c 
.r 
Lim sup IxI(~+~)/(~~~C 
x*0+ 
uo(s) ds + 1 < ccj 
-z > 
M,= +m i‘ uo(s) ds < 00. -cc 
By (3.1) there exists 1 > 6 > 0 such that 
s 
x 
uo(s)dsdMl IxI’“+‘“‘“-” if ~~(-01~61. (3.3) 
-00 
We define ~1, A, and T given by 
A=(m-l)‘P”max{(M,(m+ l))“-‘, 
(M,(m- l)S’)mP1, (M,(m+ l))“-‘} 
cr=min{(m- l))‘, (2-l))‘) 
T=$.(m-1)2 [m(m+l)A+I(m- l)A1’2(A62)“]p’. 
With this choice of constants we obtain that U(x, t) satisfies 
(a) u,-(ii”),,-b(ii”),20 in C-8, co)x [Ox T] 
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lb) x s ii(s, 0) ds 3 A 1’(m - ‘) cm+ I)l(m- 1) -cc 
(c) * s --r‘ 
E(~, t)ds>AI/(“--I) s l~l(“+‘)/(“-‘)~~o 
+30 = s uo(s) ds 2 -a2 I d u(s, t) ds. -cc 
Hence, by Lemma 2.1 (see Remark 2.1) we have that 
s 
x u(s, t)< 
-a’ s 
x 
ii(s, t) ds in (-co,S]x[O, T]. 
-‘x 
Therefore u(x, t) = 0 for all x E (- co, 0] x [0, T]. 1 
We consider now the other interface i+(t): 
THEOREM 3.2. Let u(x, t) be the solution of (l.l)-(1.2). We assume that 
the following limit exists 
L,= Lim 1~--~+(0)](~+~)~(~-~) (L,< +co). (3.4) 
x--i+(o)- 
Then we have the characterization: 
“3t*>O such that u(t, c+(O))=0 VIE [0, t*] lfand only ifL,<oo.” 
Proqf: Assume that the limit is finite. By Corollary 2.1, i+(t) < r+(t) 
(where c-(t) corresponds to case b = 0). Moreover by (1.5) and the result 
of [ 161, 5 +(t) has waiting time. Therefore c+(t) has waiting time too. 
In order to complete the proof we assume that 5 + (0) = 0 and we define 
a family of auxiliary functions depending of two parameters k and X in the 
following way 
u(x, t; k, X) = [k? -kM,( 1 -M2t)(X-%)]:/(m-‘), (3.5) 
where [u] + = max{ U, 0}, k and X are arbitrary constants. In [ 11, we show 
that if Mr, M, are suitable constants, then u(x, r; k, X) are subsolutions of 
(1.1) in the set [ -8, co) x [0, T] (T>O arbitrary). 
Given X E ( - S, 0) and C > 0, by (3.4) there exists 6 = 6(C) > 0 such that 
I 
CCC 
c 1x1 (m+l)l(m-1)< uo(s) ds if XE [-S,O]. x 
409/155;2-7 
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Moreover, u(x, t; k, 2) satisfies 
Next we choose k = k(x, C) such that 
By a convexity argument it is easy to see that the last inequality holds if 
we choose 
Moreover, if X is enough small, 
kf,‘C”-’ 1x1. (3.6) 
s 
+a +3c 
u(s, t; k, X) ds d 
-s s 
u(s, t) ds if t E [0, 11. 
-6 





u(s, t; k, X) ds Q u(s, t) ds in [ -6, +cc) x [0, 11. 
I x 
Therefore, 
i+(t,f)Gi+(t) if tE [0, 11, 
where (+(t, X)=sup{ x : u(x, t; k, X) > O}. To be explicit 
But if t > 0 small, we can choose C = C(t) such that [ + (t; X) > 0 and 
hence [+(t)>O. 1 
4. WAITING TIME CONDITIONS FOR (&m) IN REGION II 
We shall assume, in this section that 1 <II < (m + 1)/2. As we shall see 
the influence of convection on the behavior of each front has a different 
nature. We start by studying the left interface [~ (t) and we give a necessary 
and sufficient condition for the existence of-a positive waiting time. 
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THEOREM 4.1. Let u(x, t) be the solution of (l.lk(1.2). We assume that 
there exists the limit 
L,,= Lim Ix---[~(O)I”‘(‘-“J x 
x-[-(o)+ J uo(s) ds (Lo< +a). (4.1) -00 
Then we obtain the following characterization: 
“3t* >0 such that u(t, c-(O)) =0 Vt E [0, t*] ifand only if Lo< co.” 
Proqf: We shall assume that [- (0) = 0. Assume that Lo < a~., Then 
there exists 6 > 0 such that 
s x u,(s)ds<(L,+ 1) IX/~+‘) if XE [0, S]. -Cc 
We define the separable function, 
l/Cm - 1) 
1x1 ll(n - 1) in 27(x, t) = [O, 4 x CO, T,l 
in (F-00,01 x CO, T,l, 
where 
k2=(m--) [ 
m(m-1+ 1) 1 
(&l)(n-l)+bn ’ 1 
T, =k,lk,, 
and M= j T z uo(s) ds. For this choice of k,, k,, and M, ii(x, t) satisfies 
(4 U, - (ii”),, - b(U’), > 0 in (-co, S] x [0, T,] 
(b) s x u,(s)ds<(L,+ 1) IxI”(‘-‘) -cc 
< J ii(s, 0) ds in [0, S] -cc 
(cl * i s 
d 
u(s, t)ds,<M< u(s, t) ds if tE [0, T,]. 
-02 -cc 
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Hence, by Lemma 2.1 we have that 
J 
’ u(.s, t)ds<M< 1’ qs, t) ds in (~ X, 61 x [0, r,] 
, ” I 
and then i-(t)= 0 for all TV [0, 7’,]. 
Now, let us assume that L, = cz. Then for any C> 0 there exists 6 > 0 
such that 
Next, we introduce the family of travelling wave solutions u(x, t; k, X), 
u(x, t;k,.i?)=pk([x+kt-xl+) in Q=lRxR+, 
where k > 0, XE R, and pk is the function defined 
condition 
Notice that v(x, t; k, X) satisfies 






Next, we choose k = k(Z, C) by 
implicitly by the 
XE R. 
AC ( > 
i.- I 
k= (A-1)b 1.4. 
Then, by a convexity argument we conclude that 
&lb-‘) lx-xl <c IxI~/(/.-l) if XE [0, S]. 




u(s, t; k, X) ds d u(s, t) ds if tE [0, 11. 
-co -m 
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Then by Lemma 2.1 we have 
s 
x 
u(s, t; k, X) ds < 
-m s 
x 
u(s, t) ds in (-co,S]x[O,l]. 
-cc 
Therefore, 
L(t;3)2i-(t) if t 6 [0, 11, 
where [ _ (t; X) is defined by 
Then for t > 0 small, we can choose C > 0 such that {-(t; X) < 0 and 
hence <-(t)<O. 1 
We shall study now the initial behavior of the right front c + (t). 
THEOREM 4.2. Let u(x, t) be the solution of(l.l)-(1.2). We assume that 
there exists the limit 
L,= Lim Ix-~+(O)~(~-~+‘)‘(~-~) += u(s)ds 
s (Lo< +=)I. r * i+(o)- x 
Then 
(i) if Lo < ((m-I)/(m-A+ 1)) Co there exists t* >O such that 
u([+(O), t)=Ofor all tE [0, t*] 
(ii) ij” Lo> ((m-A)/(m -A+ 1)) Co there exist C, and t, >O such 
that 
~+(t)$~+(O)+C,t’m~~)‘(m+l=*~) if tfz P-2 t11, 
where Co = (b(m - A)/m)““+“‘. 
Proof: We first remark that the function z(x, t) = C,( -x)~“+‘) is a 
stationary solution of Eq. (1.1). If Lo < ((m - ;l)/(m -A + 1)) Co, from the 
continuity of u we deduce that there exists t* > 0 such that for any 
t E [0, t*] we have 
i 
+CC 
u(s, t) ds < 
x i 
+CC 
z(s, t) ds for x near c_(O). 
x 
Therefore, by Lemma 2.1 we have that sL;“o, U(S, t) ds = 0 for all t E [0, t*], 
and (i) follows. 
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In order to proof (ii), we choose C>O such that C,c Cc 
((m - 1. + 1 )/(m - A)) L,, and we define 0J.x) = C( -x)~(~’ “. Then there 
exists 6 > 0 such that 
c 
x Cl q)(s) ds 6 uo(s) ds if SE [ -6, 01. 
Y J .x 
Hence we can use the Lemma 2.1 for comparing i+(t) and the interface 
of u(x, t) (solution corresponding to the initial data q,(x)). Moreover, since 
C > C,, we conclude (ii) by using the Theorem 6 of [ 11. 1 
5. WAITING TIME CONDITIONS FOR (%,m) IN REGION III 
In this last section we shall assume that A 6 1 and i < m. The first impor- 
tant difference compared to the above cases appears already for A = 1. 
Indeed, in this case it is well known that m > 1 implies the existence of the 
interfaces i ~ (t) and i+(t) (see [6]), nevertheless, as we showed in [ 11, in 
this case iP (t) can never exhibit a waiting time (i ~ (t) < [ _ (0) - bt for all 
t>O). 
When 1” < 1 it turns out that the convection dominates diffusion in such 
a strong way that, in fact, the left interface i-(t) does not exist, i.e., 
inf(x : u(x, t)>O} = --oo for any t >O. This result was first proved in [6] 
for m > 1, and later, for m > A, and m > A, and m > 0 arbitrary in [lo]. 
The behavior of 5 +(t) is completely different. This front exists for any 
value (A, m) in that region (see [6] for I < 1 < m and [lo] for the general 
case 1. cm). The following result shows that, under a suitable assumption 
on u,(x), c+(t) is in fact a reversing front near t = 0. 
THEOREM 5.1. Let u(x, t) be the solution of (l.lb(l.2). Assume that 
there exists the limit 
Lo= Lim I~--i+(O)l(~-~+~)l(~~~) +cc u,(s)& x-it(o)- s (Lo< +a). x 
Then 
(i) $‘to < ((m-)l)/(m--2+ 1)) Co there exist C, and t, > 0 such 
i+(t)< i+(O)- c, t(m-L)‘(m+1-2A) if tE co, ttl 
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(ii) ifL,>((m-I)/(m-A+l)) C, there exist C, and t, >0 such that 
i+(t)3i+(0)+Clt(m-%)‘(m+l~2%) if tE co, t11, 
where C, = (b(m - l)/n~)~‘~“-~). 
Proof. (i) If L,< (m-A)/(m -A+ 1) C,,, we choose C>O such that 
C,>C>((m-A+l)/(m--1))L,, and we define q,(x)=C(-x)(tm-‘). 
Then there eixsts 6 > 0 such that 
s 
cc 
u,,(s) ds < 
x I 
m 
uo(s) ds if XE[-6,0]. x 
Hence we use the Lemma 2.1 to compare i+(t) and the interface of u(x, t) 
(solution with initial data q,(x)). Moreover, since C< Co, we conclude (i) 
by using the Theorem 8 of [ 11. 
(ii) If L,> ((m-I)/(m--A+ 1) C,, we choose C> 0 such that 
C,<C<((mm-A+ l)/(m-A)) L,, and we define u,,(x)=C(-x)y(“-I), 
there exists 6 > 0 such that 
s 
cc u,,(s) ds< 
x s 
co W) ds if XE[-&O] x 
Hence, again by Lemma 2.1 we compare i + (t) and the interface of u(x, t) 
(solution with initial data uJx)). Moreover, since C> C,, we conclude (ii) 
by using the Theorem 9 of [ 11. m 
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